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Abstract
Let G be a finite group of characteristic p of one of the types symplectic group Sp(4,2f ), Chevalley
group G2(q), Suzuki group Sz(q) or Ree group Re(q). In this paper we show that if H is a Sylow p-sub-
group of G then the restriction χH of χ to H has at least one linear constituent of multiplicity one for
certain irreducible characters χ of G.
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1. Introduction
Let G be a finite group and χ be an irreducible character of G. We say that a subgroup H
is a χ -subgroup if the restriction χH of χ to H has at least one linear constituent of multiplic-
ity 1. Not every pair (χ , G) has a χ -subgroup, but χ -subgroups can be found in many cases.
The existence of such subgroups is of interest for several reasons such as computing primitive
idempotent elements (see [17], [16] and [21]), calculating Schur indices (see [14], [18] and [22])
and computing irreducible matrix representations (see [7], [3] and [4]).
In practice it may be difficult to find a χ -subgroup for an irreducible character χ of G. We
may need to consider the full lattice of subgroups of G to find a χ -subgroup. Indeed there is no
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where no such subgroups exist is given by G. Glauberman [17]. For a nonsolvable example
exhaustive computations with GAP [12] show that the covering group 6.A7 of the alternating
group A7 has two faithful irreducible characters χ of degree 36 for which there is no such a
subgroup [6].
There are several general classes of groups for which χ -subgroups are known. Zelevinsky [22]
proved that if χ is an irreducible complex character of the general linear group G = GLn(q),
where q is a power of a prime p, then a Sylow p-subgroup of G is a χ -subgroup for all irreducible
characters χ of G. Zelevinsky’s work was extended in [18] to a family of irreducible characters
of the general unitary group Un(q). If G is a finite symplectic group Sp(4, q) for q a power of an
odd prime p, the author [5] has proved that a Sylow p-subgroup of G is a χ -subgroup for every
irreducible character χ (with one exception).
In this paper we extend these results to some other classes of finite groups of Lie type, namely,
when G is a symplectic group Sp(4,2f ), a Chevalley group G2(q), a Suzuki group Sz(q), or a
Ree group Re(q) of characteristic 3. Let p be the characteristic of G and H be a Sylow p-
subgroup of G. Our object is to determine the irreducible characters χ of G that have a restriction
χH with a linear constituent of multiplicity 1 (that is, H is a χ -subgroup). We shall show that for
most χ , H is a χ -subgroup, but we identify some characters for which it is not a χ -subgroup.
2. Linear combination of characters
The general idea behind the calculations in the following sections is as follows. Suppose
that G is finite group with n conjugacy classes, H is a Sylow p-subgroup of G, and t of the
conjugacy classes of G are classes of p-elements. Consider the n × n matrix X constructed
from the character table of G and the n × t submatrix P whose columns correspond to the
classes of p-elements. Since X is invertible, the columns of P are linearly independent and
so P has rank t . Thus there exist t irreducible characters θ1, . . . , θt , say, of G such that for
every irreducible character χ of G the restriction χH is a linear combination of the restrictions
(θ1)H , . . . , (θt )H . What we shall see below is that when G is a finite group of one of the types
considered (Sp(4,2f ),G2(q), Suzuki or Ree type), then we can choose the characters θ1, . . . , θt
in such a way that every χH is an integral linear combination of (θ1)H , . . . , (θt )H (see Tables 1
to 6 below). We do not know if a similar theorem holds more generally.
Moreover, whenever G is one of these groups then G has a Steinberg character St whose
restriction to H is the regular character ρ on H . Thus we can write ρ as an integral linear
combination of (θ1)H , . . . , (θt )H . Using the fact that 〈ρ,ϕ〉 = 1 for each ϕ ∈ Lin(H) (the set
of linear characters of H ) and sometimes a knowledge of the size of conjugacy classes of p-
elements in H , we obtain information about the multiplicities of the linear constituents of each
of the characters (θi)H . We then use this to determine which of the χH have linear constituents
of multiplicity 1.
One observation is frequently used. The degrees of the irreducible characters of H are all
powers of p. Therefore, for each χ , the sum of the multiplicities of the linear constituents of χH
must be congruent to χ(1) (mod p).
3. Symplectic groups
Let G = Sp(4, q) be a finite symplectic group defined on a field of characteristic p and let H
be a Sylow p-subgroup of G. In the author’s earlier work [5] it has been proved that if p = 2
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that χ(1) = q(q − 1)2/2. He also found a p-subgroup which is a χ -subgroup for the exceptional
character. In this section these results are extended to the characteristic p = 2.
We use the notations of [9]. The finite symplectic group G = Sp(4, q), where q = 2f , of
dimension 4 over the finite field F = GF(q), is the set of all nonsingular 4 × 4 matrices A
satisfying AT JA = J where
J =
⎛
⎜⎜⎜⎝
0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0
⎞
⎟⎟⎟⎠ .
The set H of all matrices of the form
⎛
⎜⎜⎜⎝
1 t ts + r tr + u
0 1 s r
0 0 1 −t
0 0 0 1
⎞
⎟⎟⎟⎠
with r, s, t, u ∈ F is a Sylow 2-subgroup of G of order q4. We show that H is a χ -subgroup for
all irreducible characters χ of G such that χ(1) = q(q − 1)2/2. For χ(1) = q(q − 1)2/2 we find
an abelian subgroup K of H of order q3 which is a χ -subgroup.
The conjugacy classes of G are given in [9]. The conjugacy classes of G which contain ele-
ments of H are A1, A2, A31, A32, A41 and A42. The character table of Sp(4, q) with q a power
of 2 has been computed in [9]. This table has some misprints which are corrected by the CHEVIE
computer algebra system [13]. In Table 7 we give a part of the corrected character table which
contains values of irreducible characters of Sp(4, q) on the conjugacy classes containing ele-
ments of H . The parameters k and l are defined in [9]. Since values of the characters in Table 7
are independent of these parameters we do not redefine them.
Denote a = (θ5)H , b1 = (θ1)H , b2 = (θ3)H , c = (θ2)H and d = (χ4(k, l))H . Let 1 be the
principal character of H . Then the restriction of each irreducible character χ of G on H is a
linear combination of the characters a, b1, b2, c, d and 1. These linear combinations are listed in
Table 1.
Now using the equations in Table 1 we prove that for each irreducible character χ of G
except θ5, the character χH has a linear constituent with multiplicity one.
Lemma 1.
(1) 〈a,ϕ〉 = 0 for all ϕ ∈ Lin(H), 〈d,1〉 = 0 and 〈b1,1〉 = 〈b2,1〉 = 1.
(2) |H ∩A1| = 1, |H ∩A2| = |H ∩A31| = q2 −1, |H ∩A32| = (2q+1)(q−1)2 and |H ∩A41| =
|H ∩A42| = q2(q − 1)2/2, and 〈c,1〉 = 2.
Proof. Let ρ = (θ4)H . Since θ4 is the Steinberg character of G we have ρ = d+b1 +b2 +2a−1
is the regular character of H . Thus 〈a,ϕ〉 = 0 for 1 = ϕ ∈ Lin(H) and 0  〈a,1〉  1. On the
other hand, 2 | a(1) so 〈a,1〉 = 0. Also from (χ8(k))H and (χ9(k))H in Table 1 we get 〈b1,1〉 =
〈b2,1〉 = 1. Hence 〈d,1〉 = 0.
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Linear combinations of restricted characters of Sp(4,2f ) on H
Characters
(θ4)H = d + b1 + b2 + 2a − 1
(χ1(k, l))H = d + 2c + 2b1 + 2b2 + 2a
(χ2(k))H = d + 2b2 + 2a − 2 · 1
(χ3(k, l))H = d + 2b1 + 2a − 2 · 1
(χ5(k))H = d + b1 + b2 + 3a − c
(χ6(k))H = c + b1 + 1
(χ7(k))H = c + b2 + 1
(χ8(k))H = b2 + a − 1
(χ9(k))H = b1 + a − 1
(χ10(k))H = d + c + b1 + 2b2 + 2a − 1
(χ11(k))H = d + c + 2b1 + b2 + 2a − 1
(χ12(k))H = d + b2 + a − 1
(χ13(k))H = d + b1 + a − 1
Let |H ∩ Aj | = nj and |H ∩ Aij | = nij for i = 3,4 and j = 1,2. Then for any character θ
of H we have
〈θ,1〉 = q−4
{∑
nj θ(xj )+
∑
nij θ(xij )
}
(1)
where xj and xij are representatives of the classes Aj and Aij , respectively. Let 〈c,1〉 = C. Then
considering (χ5(k))H we have C = 0,1 or 2. To find values of nj and nij we consider 3 systems
of equations 〈a,1〉 = 〈d,1〉 = 0, 〈b1,1〉 = 〈b2,1〉 = 1, 〈(1G)H ,1〉 = 1 where 1G is the principal
character of G, and 〈c,1〉 = C corresponding to 3 different possibilities for C. If C = 0 then
we get n2 < 0 which is a contradiction. Thus C = 1 or 2. According to the given structure of
the conjugacy classes of G in [9], the classes A41 and A42 contain the same number of elements
of H . Now by considering this fact and looking at the solutions of the above systems of equations
we get C = 2 and the part (2) of the lemma holds. 
Lemma 2. If τ ∈ {b1, b2, c, d} then there exists a nonprincipal linear character ϕ of H such that
〈τ,ϕ〉 = 1. In addition for τ = c the number of nonprincipal linear constituents of τ is odd and
each nonprincipal linear constituent of c is a constituent of only one of the b1, b2 and d .
Proof. Since ρ = d + b1 + b2 + 2a − 1 is the regular character of H , if b1, b2 and d have a
nonprincipal linear constituent ϕ then its multiplicity is 1. Furthermore if ϕ is a nonprincipal
linear constituent of one of the b1, b2 and d then it is not a constituent of the others.
Since H is a 2-group thus each character of H is either linear or has an even degree. Using
Lemma 1, 〈d,1〉 = 0 and d(1) is odd thus d has a nonprincipal linear constituent with multiplicity
one. Similarly 〈b1,1〉 = 〈b2,1〉 = 1 and b1(1) = b2(1) is even so they also have a nonprincipal
linear constituent with multiplicity one. In addition the number of linear constituents of b1, b2
and d is odd.
Now we show 〈c,ψ〉 = 1 for some linear character ψ = 1 of H . The degrees of all irreducible
complex characters of H are 1, q/2 or q (see [15]). Since 〈c,1〉 = 2, if q > 4 then (q/2)  c(1)−2
and this means c(1) − 2 is not a multiple of q/2 and so q . Hence there exists a nonprincipal
linear character ψ of H such that 〈c,ψ〉 = 0. Since (χ5(k))H = d + b1 + b2 + 3a − c, 〈d + b1 +
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q = 2 and 4. Since c(1) is even and 〈c,1〉 = 2 thus c has an even number of nonprincipal linear
constituents. 
Theorem 3. Let χ be an irreducible character of the finite symplectic group G = Sp(4, q) where
q is power of 2, and let H be a Sylow 2-subgroup of G. If χ = θ5 then χH has a linear constituent
with multiplicity one. If χ = θ5 then H has an abelian subgroup K of order q3 such that χK has
this property.
Proof. Lemma 2 proves the theorem for χ ∈ {θ1, θ2, θ3, χ4(k, l)}. Let M = {θ4, χ2(k),χ3(k, l),
χ8(k),χ9(k),χ12(k),χ13(k)} and χ ∈ M . Looking at χH as a linear combination of the charac-
ters a, b1, b2, d and 1, we have at least one of the b1, b2 and d appears as a component of χH
with multiplicity one. This implies that for each irreducible character χ ∈ M there exist a linear
character ϕ = 1 such that 〈χH ,ϕ〉 = 1.
Using Lemma 2 the number of nonprincipal linear constituents of d + b1 + b2 and c is odd
and even, respectively. Hence (χ5(k))H has a linear constituent with multiplicity one. We obtain
the same result for (χ6(k))H and (χ7(k))H .
Now it remains to prove that the characters (χ1(k, l))H , (χ10(k))H and (χ11(k))H each have
a linear constituent with multiplicity one. Considering the structure of the characters θ1 and θ3
of G described in [9] and the fact that each nonprincipal linear constituent of c is a constituent
of only one of the b1 and b2, we see that the number of nonprincipal linear constituents which c
has in common with b1 and b2 is the same. On the other hand, the number of nonprincipal linear
constituents of d is odd, thus d has a nonprincipal linear constituent which is not a constituent
of c. This proves the theorem for (χ1(k, l))H , (χ10(k))H and (χ11(k))H .
Now define K to be the subset of H consisting of all matrices of the form above with t = 0.
Then K is an abelian subgroup of order q3. We prove there exists a nonprincipal linear charac-
ter ϕ of K such that 〈(θ5)K,ϕ〉 = 1.
Let ν = (θ5)K + (θ2)K . Then ν is a character of degree q3 + q of K . The table of conjugacy
classes of G in [9] shows that the nontrivial elements of K are in the classes A2 and A31 and A32.
Now Table 7 shows that ν(k) = q for all nontrivial elements k ∈ K . This implies ν = ρ + q · 1
where ρ and 1 are the regular and principal characters of K , respectively. Hence 〈ν,1〉 = q + 1
and 〈ν,ϕ〉 = 1 for each nonprincipal linear character ϕ of K . Since θ5(1) = q(q − 1)2/2 > q + 1
for q > 2, there exists a linear character ϕ of K such that 〈(θ5)K,ϕ〉 = 1. This completes the
proof. 
4. Chevalley groups
Let G be a finite Chevalley group G2(q) where q is a power of a prime p. Let H be a Sylow
p-subgroup of G. We show that H is a χ -subgroup for most of irreducible characters χ of G.
We consider separately the three cases: p  5, p = 3 and p = 2.
4.1. p  5
The conjugacy classes of G are given in [1]. Irreducible characters of G have been computed
in [2]. We use notations defined in [2]. The parameter ε is defined to be 1 or −1 according to
whether q ≡ 1 or −1 (mod 3), respectively. It is sufficient to consider one character of the pair
{χ19, χ¯19}, because they have same values on p-elements.
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Linear combinations of restricted characters of G2(pn) on H , for p  5
Characters ε = 1 ε = −1
(χ1)H = f + 4e + 2d + 6c + 8b − 6 · 1 f + 4e + 2d + 6c + 8b − 6 · 1
(χa)H = f + 2e + 2c + 6b − 2a − 2 · 1 f + 2e + 2c + 6b − 2a − 6 · 1
(χb)H = f + 2e + 2d + 2b + 2a − 4 · 1 f + 2e + 2d + 2b + 2a
(χ3)H = f + e + 5b − d f + e + 5b − d
(χ6)H = f + 3e + 3d + 3b f + 3e + 3d + 3b
(χ1a)H = f + 3e + d + 4c + 7b − a − 4 · 1 f + 3e + d + 4c + 7b − a − 6 · 1
(χ ′1a)H = e + d + 2c + b + a − 2 · 1 e + d + 2c + b + a
(χ1b)H = f + 3e + 2d + 3c + 5b + a − 5 · 1 f + 3e + 2d + 3c + 5b + a − 3 · 1
(χ ′1b)H = e + 3c + 3b − a − 1 e + 3c + 3b − a − 3 · 1
(χ2a)H = f + e + c + 3b − a − 1 f + e + c + 3b − a − 3 · 1
(χ ′2a)H = e + c + 3b − a − 1 e + c + 3b − a − 3 · 1
(χ2b)H = f + e + d + b + a − 2 · 1 f + e + d + b + a
(χ ′2b)H = e + d + b + a − 2 · 1 e + d + b + a
(χ21)H = f + 2e + d + 2c + 4b − 3 · 1 f + 2e + d + 2c + 4b − 3 · 1
(χ23)H = e + 2c + 3b − a − 1 e + 2c + 3b − a − 3 · 1
(χ24)H = e + d + c + b + a − 2 · 1 e + d + c + b + a
(χ31)H = f + 2e + 2d + 6b − a − 2 · 1 f + 2e + 2d + 2b + a
(χ33)H = e + d + 2c + b − 2 · 1 e + d + b
(χ12)H = f + 2e + d + c + 4b − 2 · 1 f + 2e + d + c + 4b − 2 · 1
(χ13)H = d + a − 1 d + a + 1
(χ14)H = c + 2b − a c + 2b − a − 2 · 1
(χ15)H = e + c − 1 e + c − 1
(χ16)H = c + b − 1 c + b − 1
Let a = (χ32)H , b = (χ18)H , c = (χ22)H , d = (χ19)H , e = (χ17)H , f = (χ2)H , and 1 =
(χ11)H be the principal character of H . Then the restriction of each irreducible character χ of G
on H is an integral linear combination of the characters a, b, c, d , e, f and 1. Table 2 contains
these linear combinations for ε = 1 and −1.
Lemma 4. If ϕ ∈ Lin(H), then 〈e,ϕ〉 = 〈d,ϕ〉 = 〈b,ϕ〉 = 0. Moreover, 〈f + c,ϕ〉 = 3 if ϕ = 1
and 1 otherwise.
Proof. The character χ12 is the Steinberg character of G. Thus ρ = (χ12)H = f + 2e + d + c +
4b − 2 · 1 is the regular character of H and we have
〈f + 2e + d + c + 4b,1〉 = 3, (2)
〈f + 2e + d + c + 4b,ϕ〉 = 1 (3)
for all 1 = ϕ ∈ Lin(H). This implies 〈b,ϕ〉 = 0 for all ϕ ∈ Lin(H) and 〈e,ϕ〉 = 0 when ϕ = 1.
We have 〈e,1〉  1 by (2). Since p | e(1), this shows 〈e,1〉 = 0. Therefore each nonprincipal
linear character of H is a constituent of one and only one of the f , d and c. Since (χ3)H =
f + e + 5b − d and 〈(χ3)H ,ϕ〉 0 for all ϕ ∈ Lin(H), thus 〈d,ϕ〉 = 0 for all ϕ ∈ Lin(H). The
final claim now follows from Eqs. (2) and (3). 
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(1) 〈f,ϕ〉 = 〈c,ψ〉 = 1 for some distinct nonprincipal linear characters ϕ and ψ of H .
(2) There exists 1 = ϕ ∈ Lin(H) such that 〈a,ϕ〉 = 〈c,ϕ〉 = 1.
(3) There exists 1 = ψ ∈ Lin(H) such that 〈c,ψ〉 = 1 and 〈a,ψ〉 = 0.
Proof.
Case (I). ε = 1. Since (χ ′2b)H = e + d + b + a − 2 · 1 and 〈e,1〉 = 〈d,1〉 = 〈b,1〉 = 0 thus〈a,1〉 2. Using (χ ′2a)H = e+c+3b−a−1 and the fact that 〈f +c,1〉 = 3 we obtain 〈c,1〉 = 3,〈f,1〉 = 0 and 〈a,1〉 = 2. Since p  f (1), p  c(1)− 3 and 〈f + c,ϕ〉 = 1 for all 1 = ϕ ∈ Lin(H),
there exist nonprincipal characters ϕ,ψ ∈ Lin(H) such that ϕ = ψ and 〈f,ϕ〉 = 〈c,ψ〉 = 1.
Since p  a(1) − 2 so 〈a,ϕ〉 = 0 for some 1 = ϕ ∈ Lin(H). Using (χ14)H = c + 2b − a and
Lemma 4 we get 〈a,ϕ〉 = 〈c,ϕ〉 = 1.
Using 〈c,1〉 = 3, 〈a,1〉 = 2 and 〈e,1〉 = 〈b,1〉 = 0, we have 〈(χ ′2a)H ,1〉 = 0. On the other
hand, 〈e,ϕ〉 = 〈b,ϕ〉 = 0 for all 1 = ϕ ∈ Lin(H). Since p  χ ′2a(1) thus there exists 1 = ψ ∈
Lin(H) such that 〈c,ψ〉 = 1 and 〈a,ψ〉 = 0.
Case (II). ε = −1. Since (χa)H = f + 2e + 2c + 6b − 2a − 6 · 1 and 〈e,1〉 = 〈b,1〉 = 0 we
have 〈f + 2c,1〉  2〈a,1〉 + 6. Using 〈f + c,1〉 = 3, the only possibility is 〈c,1〉 = 3 and
〈f,1〉 = 〈a,1〉 = 0. Now p  f (1) and p  c(1) − 3 imply 〈f,ϕ〉 = 〈c,ψ〉 = 1 for some distinct
nonprincipal linear characters ϕ and ψ .
Since p  a(1) and 〈a,1〉 = 0 so 〈a,ϕ〉 = 0 for some 1 = ϕ ∈ Lin(H). Using (χ14)H = c +
2b − a − 2 · 1 and Lemma 4 we get 〈a,ϕ〉 = 〈c,ϕ〉 = 1.
Using 〈c,1〉 = 3 and 〈a,1〉 = 〈e,1〉 = 〈b,1〉 = 0, and considering (χ ′2a)H = e+ c+ 3b− a −
3 ·1 we get 〈(χ ′2a)H ,1〉 = 0. On the other hand, 〈e,ϕ〉 = 〈b,ϕ〉 = 0 for all 1 = ϕ ∈ Lin(H). Since
p  χ ′2a(1) there exists 1 = ψ ∈ Lin(H) such that 〈c,ψ〉 = 1 and 〈a,ψ〉 = 0. 
Let M = Irr(G) \ {χ ′1a,χ ′1b,χ33, χ17, χ18, χ19, χ¯19}. We prove the following theorem.
Theorem 6. Suppose G is the finite Chevalley group G2(pn) where p is a prime and p  5, and
H is a Sylow p-subgroup of G. Then χH has a linear constituent with multiplicity one if and
only if χ ∈ M .
Proof. To prove this theorem we consider the linear combinations of the irreducible characters
of G, given in Table 2. For the principal character χ11 there is nothing to prove. Also (χ12)H is
the regular character of H , so the theorem holds for χ12. By Lemma 4 we have 〈e,ϕ〉 = 〈d,ϕ〉 =
〈b,ϕ〉 = 0 for all 1 = ϕ ∈ Lin(H). Therefore Lemma 5 parts (1), (2), (3) and (1), (2) prove
the theorem for the sets {χ1, χ2, χ3, χ6, χ21, χ15, χ16}, {χ ′2b,χ22, χ23, χ32, χ13}, {χ ′2a,χ24, χ14}
and {χa,χb,χ1a,χ1b,χ2a,χ2b,χ31}, respectively. If χ ∈ {χ ′1a,χ ′1b,χ33, χ17, χ18, χ19, χ¯19} then
Lemmas 4 and 5 prove that H is not a χ -subgroup. 
4.2. p = 3
Let G = G2(q) where q = 3f and let H be a Sylow 3-subgroup of G. If q = 3 then a sim-
ple computation shows that H is a χ -subgroup for all irreducible characters χ of G, except a
character of degree 78.
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notations defined in [8], the conjugacy classes of G which contain elements of H are A1, A2,
A31, A32, A41, A42, A51, A52 and A53. Irreducible characters of G have been computed in [10].
We use notations and parameters defined in [10]. Since the parameter k does not affect the values
of the characters on H so we do not redefine it here.
Let a1 = (θ3)H , a2 = (θ4)H , b = (θ6)H , c = (θ10)H , d = (θ11)H , e1 = (θ12(1))H , e2 =
(θ12(−1))H , f = (χ13(k))H and 1 = (θ0)H be the principal character of H . Then the restric-
tion of each irreducible character χ of G on H is an integral linear combination of the characters
a1, a2, b, c, d , e1, e2, f and 1.
Lemma 7. If ϕ ∈ Lin(H), then 〈c,ϕ〉 = 〈d,ϕ〉 = 0. Moreover, 〈f + e1 + e2 + b,ϕ〉 = 3 if ϕ = 1
and 1 otherwise.
Proof. The character ρ = (θ5)H = f + e1 + e2 + d + b − c − 2 · 1 is the regular character
of H . Let 〈c,ϕ〉 = m for 1 = ϕ ∈ Lin(H). Then 〈f + e1 + e2 + d + b,ϕ〉 = m + 1 and 〈f +
e1 + e2 + b,ϕ〉  m + 1. Using (χ12(k))H = f + e1 + e2 + b − a1 − a2 − 3c − d − 1 we
have 3m = 3〈c,ϕ〉  〈f + e1 + e2 + b,ϕ〉  m + 1. This implies 〈c,ϕ〉 = 0 for all 1 = ϕ ∈
Lin(H). Since 3 | c(1) we have 〈c,1〉 = 3n for some nonnegative integer n. On the other hand,
〈f + e1 + e2 + d + b − c,1〉 = 3 and 〈f + e1 + e2 + b,1〉 3n + 3. Thus using (χ12(k))H we
have 9n = 3〈c,1〉 〈f + e1 + e2 + b,1〉 3n+ 3. This implies 〈c,1〉 = 0.
Let 1 = ϕ ∈ Lin(H). Since 〈f +e1 +e2 +d+b,ϕ〉 = 1, one and only one of f , e1, e2, d and b
has ϕ as a constituent with multiplicity one. Hence considering (χ12(k))H we obtain 〈d,ϕ〉 = 0
for all 1 = ϕ ∈ Lin(H). Since 3 | d(1) we have 〈d,1〉 = 3n for some nonnegative integer n. On
the other hand, 〈f + e1 + e2 + b,1〉 〈f + e1 + e2 + d + b,1〉 = 3. Using (χ12(k))H we have
〈f + e1 + e2 +b,1〉 3n+1. This is possible only if n = 0. Hence 〈d,1〉 = 0. The second claim
now follows from the equations above. 
Lemma 8.
(1) There exist nonprincipal characters ϕ1, ϕ2 ∈ Lin(H) such that ϕ1 = ϕ2, 〈a1, ϕ1〉 =
〈a2, ϕ2〉 = 1 and 〈a1, ϕ2〉 = 〈a2, ϕ1〉 = 0.
(2) There exists 1 = ϕ ∈ Lin(H) such that 〈a1, ϕ〉 = 〈a2, ϕ〉 = 0.
Proof. Lemma 7 applied to (χ12(k))H shows that 〈a1 + a2,1〉 2 and 〈a1 + a2, ϕ〉 1 if 1 =
ϕ ∈ Lin(H). Considering Lemma 7, the characters (χ5(k))H = d + c + a1 − 1 and (χ7(k))H =
d + c + a2 − 1 imply 〈ai,1〉 1 and so
〈a1,1〉 = 〈a2,1〉 = 1. (4)
Now 3  ai(1) − 1 so there exists 1 = ϕi ∈ Lin(H) such that 〈ai, ϕi〉 = 0, and since
〈a1 + a2, ϕi〉 1 we conclude that 〈ai, ϕi〉 = 1, ϕ1 = ϕ2 and 〈a1, ϕ2〉 = 〈a2, ϕ1〉 = 0.
Since 〈a1,1〉 = 〈a2,1〉 = 1, Lemma 7 shows that 〈(χ12(k))H ,1〉 = 0. But 3  (χ12(k))H (1) so
there exists 1 = ϕ ∈ Lin(H) such that 〈(χ12(k))H ,ϕ〉 = 0. Now Lemma 7 implies that 〈f + e1 +
e2 + b,ϕ〉 = 1 and 〈a1, ϕ〉 = 〈a2, ϕ〉 = 0. 
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(1) |H ∩ A1| = 1, |H ∩ A2| = |H ∩ A31| = q3 − 1, |H ∩ A32| = (q − 1)2(2q2 + 2q + 1),
|H ∩A41| = |H ∩A42| = q2(q − 1)2(2q + 1)/2 and |H ∩A51| = |H ∩A52| = |H ∩A53| =
q4(q − 1)2/3.
(2) There exists 1 = ψ ∈ Lin(H) such that 〈f,ψ〉 = 1.
Proof. Let nk = |H ∩ Ak| for k = 1,2 and nij = |H ∩ Aij | for (i, j) ∈ {(3,1), (3,2), (4,1),
(4,2), (5,1), (5,2), (5,3)}. Then for any character θ of H we have
〈θ,1〉 = q−6
{∑
nkθ(xk) +
∑
nij θ(xij )
}
(5)
where xk and xij are representatives of the classes Ak and Aij , respectively. Let 〈ei,1〉 = Ei ,
〈b,1〉 = B and 〈f,1〉 = F . Considering the values of the characters ei on the classes A52 and
A53, we have Ei is an integer if and only if n52 = n53. Furthermore it shows E1 = E2. Now
using Lemma 7 and the character (θ1)H we get B  1. Since B + E1 + E2 + F = 3 by con-
sidering different possible values for B , F and Ei we have 4 systems of equations 〈ei,1〉 = Ei ,
〈b,1〉 = B , 〈f,1〉 = F , 〈a1,1〉 = 〈a2,1〉 = 1, 〈c,1〉 = 〈d,1〉 = 0 and 〈(1G)H ,1〉 = 1 where 1G is
the principal character of G. If B = 1, Ei = 0 and F = 2 then n32 < 0 and if B = Ei = 1 and
F = 0 then n31 < 0 which both cases are contradictions. Thus we have either B = 2, Ei = 0 and
F = 1 or B = 3 and Ei = F = 0. According to the given structure of the conjugacy classes of G
in [8], the classes A41 and A42 have the same number of elements of H . Now by considering this
fact and looking at the solutions of the above systems of equations we get B = 3, Ei = F = 0
and the part (1) of the lemma holds.
Now since F = 0 and 3  f (1) so there exists 1 = ψ ∈ Lin(H) such that 〈f,ψ〉 = 1. 
Let M = Irr(G) \ {θ10, θ11, θ12(l),χ1(k),χ3(k)}. We prove the following theorem.
Theorem 10. Suppose G is the finite Chevalley group G2(q) where q > 3 is a power of 3, and H
is a Sylow 3-subgroup of G. Let χ ∈ M . Then χH has a linear constituent with multiplicity one.
Proof. For the principal character θ0 there is nothing to prove. Since (θ5)H is the regular char-
acter of H , the theorem holds for θ5. For the rest of characters we use linear combinations
of irreducible characters of G, given in Table 3. By Lemma 7 we have 〈c,ϕ〉 = 〈d,ϕ〉 = 0
and 〈f + e1 + e2 + b,ϕ〉 = 1 for all 1 = ϕ ∈ Lin(H). Thus each nonprincipal linear charac-
ter of H is a constituent of one and only one of f , e1, e2 and b. Hence Lemma 9 part (2)
shows that the theorem holds for χ ∈ {θ7, χ13(k),χ14(k)}. Since 〈b,1〉 = 3 and 3  b(1) − 3,
there exists 1 = ψ ∈ Lin(H) such that 〈b,ψ〉 = 1, so the theorem holds for χ ∈ {θ1, θ2, θ6}.
Lemma 8 parts (1) and (2) prove that the theorem holds for the sets {θ3, θ4, χ5(k),χ7(k)} and
{χ2(k),χ4(k),χ6(k),χ8(k),χ9(k),χ10(k),χ11(k),χ12(k)}, respectively.
Let Lin(θ) denote the set of all nonprincipal linear constituents of θ . Since 〈b,1〉 = 3 and
〈a1,1〉 = 〈a2,1〉 = 1, by considering the degrees of a1, a2 and b, and the fact that all nonprincipal
linear constituents of these characters have multiplicity one, we get |Lin(ai)| ≡ 2 (mod 3) and
|Lin(b)| ≡ 1 (mod 3). Thus for i ∈ {1,2} the characters ai and b differ in at least one nonprincipal
linear constituent. This proves the theorem for θ8 and θ9. 
Remark. Lemma 7 shows that the theorem above does not hold for χ ∈ {θ10, θ11}. For χ ∈
{θ12(l),χ1(k),χ3(k)} we have not been able to determine whether H is a χ -subgroup. However
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Linear combinations of restricted characters of G2(pn) on H , for p = 3
Characters
(θ1)H = c + b − 1
(θ2)H = d + b − 1
(θ5)H = f + e1 + e2 + d + b − c − 2 · 1
(θ7)H = f + e1 + e2 + d + 2b − c − 3 · 1
(θ8)H = d + c + b + a2 − 1
(θ9)H = d + c + b + a1 − 1
(χ1(k))H = d + c + 2b + a1 − 1
(χ2(k))H = f + e1 + e2 + 2d + 3b + a2 − 4 · 1
(χ3(k))H = d + c + 2b + a2 − 1
(χ4(k))H = f + e1 + e2 + 2d + 3b + a1 − 4 · 1
(χ5(k))H = d + c + a1 − 1
(χ6(k))H = f + e1 + e2 + b − a2 − 2c − 2 · 1
(χ7(k))H = d + c + a2 − 1
(χ8(k))H = f + e1 + e2 + b − a1 − 2c − 2 · 1
(χ9(k))H = f + e1 + e2 + 3d + c + 5b + a1 + a2 − 5 · 1
(χ10(k))H = f + e1 + e2 + d + b + a2 − a1 − c − 3 · 1
(χ11(k))H = f + e1 + e2 + d + b + a1 − a2 − c − 3 · 1
(χ12(k))H = f + e1 + e2 + b − a1 − a2 − 3c − d − 1
(χ14(k))H = f + 2e1 + 2e2 + 2d − 2c
if a1 and a2 have at least a nonprincipal linear constituent which is not a constituent of b, then
the theorem above is also valid for the irreducible characters χ1(k) and χ3(k).
4.3. p = 2
Let G = G2(q) where q = 2f and let H be a Sylow 2-subgroup of G. It is easy to see that for
q = 2 the Sylow subgroup H is a χ -subgroup for all irreducible characters χ of G, except two
characters of degree 6.
Now suppose q > 2 is a power of 2. The conjugacy classes of G are computed in [8]. The
classes which contain 2-elements are A0, A1, A2, A31, A32, A4, A51 and A52. Irreducible char-
acters of G have been computed in [11]. We use notations defined in [11]. The parameter ε is
defined to be 1 or −1 according to whether q ≡ 1 or −1 (mod 3), respectively. The parameters k
and l are defined in [11] but these definitions are not needed here.
Let a = (θ1)H , a′ = (θ ′1)H , b = (θ2)H , b′ = (θ ′2)H , c = (θ6)H , d = (θ9(k))H , e = (χ7(k))H
and 1 = (θ0)H be the principal character of H . Then the restriction of each irreducible character
χ of G on H is an integral linear combination of the characters a, a′, b, b′, c, d , e and 1. Table 4
contains these linear combinations for ε = 1 and −1.
Lemma 11. If ϕ ∈ Lin(H), then 〈a′, ϕ〉 = 〈d,ϕ〉 = 〈b′, ϕ〉 = 0. Moreover, 〈e+ b,ϕ〉 = 2 if ϕ = 1
and 1 otherwise.
Proof. Let ρ = (θ5)H = e+2d +b−a′ −1. Then ρ is the regular character of H and 〈ρ,ϕ〉 = 1
for each ϕ ∈ Lin(H). Let 〈a′, ϕ〉 = m for 1 = ϕ ∈ Lin(H). Then 〈e + 2d + b,ϕ〉 = m + 1.
Using (χ5(k, l))H = e + d + b − 2b′ − a − 4a′ we have 4m = 4〈a′, ϕ〉  〈e + d + b,ϕ〉 
〈e + 2d + b,ϕ〉 = m + 1. This implies 〈a′, ϕ〉 = 0 for all 1 = ϕ ∈ Lin(H). Since 2 | a′(1) we
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Linear combinations of restricted characters of G2(pn) on H , for p = 2
Characters ε = 1 ε = −1
(θ3)H = d + c − 1 d + c + 1
(θ4)H = a + a′ − c + 1 a + a′ − c − 1
(θ5)H = e + 2d + b − a′ − 1 e + 2d + b − a′ − 1
(θ7)H = e + d + b + a − c e + 3d + c + b − a − 2a′
(θ8)H = d + b + a d + b′ + a′
(χ1(k))H = d + c + b + a d + c + b + a + 2 · 1
(χ ′1(k))H = d + c + b′ + a′ − 2 · 1 d + c + b′ + a′
(χ2(k))H = e + 2d + 2b + 2a − c e + 2d + 2b + 2a − c − 2 · 1
(χ ′2(k))H = e + 2d + c + b − b′ − a − 3a′ − 2 · 1 e + 2d + c + b − b′ − a − 3a′
(χ3(k))H = b + 2a + a′ − c + 2 · 1 b + 2a + a′ − c
(χ ′3(k))H = b′ + a + 2a′ − c b′ + a + 2a′ − c − 2 · 1
(χ4(k))H = e + 3d + c + 2b + a − a′ − 2 · 1 e + 3d + c + 2b + a − a′
(χ ′4(k))H = e + d + b − c − b′ − 2a′ e + d + b − c − b′ − 2a′ − 2 · 1
(χ5(k, l))H = e + 3d + 3b + 3a e + 3d + 3b + 3a
(χ ′5(k, l))H = e + d + b − 2b′ − a − 4a′ e + d + b − 2b′ − a − 4a′
(χ6(k))H = e + d + b + a − 2c e + d + b + a − 2c − 4 · 1
(χ ′6(k))H = e + 3d + 2c + b − a − 2a′ − 4 · 1 e + 3d + 2c + b − a − 2a′
(χ ′7(k))H = e + 4d + b + b′ − a − a′ e + 4d + b + b′ − a − a′
have 〈a,1〉 = 2n for some nonnegative integer n. On the other hand, 〈e+2d +b−a′,1〉 = 2 and
〈e+d +b,1〉 2n+2. Thus using (χ5(k, l))H we have 8n = 4〈a′,1〉 〈e+d +b,1〉 2n+2.
This implies 〈a′,1〉 = 0.
Since 〈a′, ϕ〉 = 0 so 〈e + 2d + b,ϕ〉 = 1 for all 1 = ϕ ∈ Lin(H). Thus 〈d,ϕ〉 = 0 for all 1 =
ϕ ∈ Lin(H). Using 〈a′,1〉 = 0 we get 〈e + 2d + b,1〉 = 2. Hence 〈d,1〉 = 1 or 0. Since 2 | d(1)
we obtain 〈d,1〉 = 0. These imply 〈e+b,1〉 = 2 and 〈e+b,ϕ〉 = 1 for all 1 = ϕ ∈ Lin(H). Thus
by considering (χ5(k, l))H and 2 | b′(1) we get 〈b′, ϕ〉 = 0 for all ϕ ∈ Lin(H). 
Lemma 12.
(1) There exists 1 = ϕ ∈ Lin(H) such that 〈c,ϕ〉 = 〈a,ϕ〉 = 1.
(2) There exists 1 = ψ ∈ Lin(H) such that 〈a,ψ〉 = 1 and 〈c,ψ〉 = 0.
(3) There exists 1 = φ ∈ Lin(H) such that 〈a,φ〉 = 0.
Proof.
Case (I). ε = 1. By Lemma 11, 〈a′,1〉 = 〈d,1〉 = 〈b′,1〉 = 0 and 〈e + b,1〉 = 2. Thus using
(χ ′1(k))H = d + c + b′ + a′ − 2 · 1 and (χ ′4(k))H = e + d + b − c − b′ − 2a′ we get 〈c,1〉 = 2.
Also (χ ′3(k))H = b′ + a + 2a′ − c and (χ ′6(k))H = e + 3d + 2c + b − a − 2a′ − 4 · 1 imply〈a,1〉 = 2. On the other hand, 2  c(1) − 2 thus 〈c,ϕ〉 = 0 for some 1 = ϕ ∈ Lin(H). Using
(χ ′4(k))H and Lemma 11 we have 〈c,ϕ〉 = 1. Now (χ ′3(k))H gives 〈a,ϕ〉 1. Using (χ ′7(k))H =
e + 4d + b + b′ − a − a′ and Lemma 11 we obtain 〈a,ϕ〉 1. Thus 〈a,ϕ〉 = 1.
Considering 〈c,1〉 = 〈a,1〉 = 2 and 〈a′,1〉 = 0, for (θ4)H = a + a′ − c + 1 we have
〈(θ4)H ,1〉 = 1. Since 2 | (θ4)H (1) there exists 1 = ψ ∈ Lin(H) such that 〈(θ4)H ,ψ〉 = 0. This
implies 〈a,ψ〉 = 1 and 〈c,ψ〉 = 0.
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Lin(H).
Case (II). ε = −1. By Lemma 11, 〈a′,1〉 = 〈d,1〉 = 〈b′,1〉 = 0 and 〈e + b,1〉 = 2. Thus using
(χ5(k, l))H = e+b+d −2b′ −a−4a′ and (χ ′3(k))H = b′ +a+2a′ −c−2 ·1 we get 〈a,1〉 = 2.
Also (χ ′3(k))H implies 〈c,1〉 = 0. Since 2  c(1) thus 〈c,ϕ〉 = 0 for some 1 = ϕ ∈ Lin(H). Using
(χ ′4(k))H = e + d + b − c − b′ − 2a′ − 2 · 1 and Lemma 11 we have 〈c,ϕ〉 = 1. Now (χ ′3(k))H
gives 〈a,ϕ〉 1. Using (χ ′7(k))H = e+4d+b+b′ −a−a′ and Lemma 11 we obtain 〈a,ϕ〉 1.
Thus 〈a,ϕ〉 = 1.
Considering 〈c,1〉 = 0, 〈a,1〉 = 2 and 〈a′,1〉 = 0, for (θ4)H = a + a′ − c − 1 we have
〈(θ4)H ,1〉 = 1. Since 2 | (θ4)H (1) there exists 1 = ψ ∈ Lin(H) such that 〈(θ4)H ,ψ〉 = 0. This
implies 〈a,ψ〉 = 1 and 〈c,ψ〉 = 0.
Proof of (3) is similar to the case ε = 1. 
Lemma 13.
(1) |H ∩ A0| = 1, |H ∩ A1| = q3 − 1, |H ∩ A2| = q2(q − 1)(2q + 1), |H ∩ A31| = q2 ×
(q − 1)2(4q + 1)/6, |H ∩ A32| = q2(q − 1)2(2q + 1)/2, |H ∩ A4| = q2(q − 1)2(q + 1)/3
and |H ∩A51| = |H ∩A52| = q4(q − 1)2/2.
(2) There exists 1 = ψ ∈ Lin(H) such that 〈e,ψ〉 = 1.
Proof. We use the same techniques as we used in Lemmas 1 and 9. Let nk = |H ∩ Ak| for
k = 0,1,2 and 4, and nij = |H ∩ Aij | for i = 3,5 and j = 1,2. Then for any character θ of H
we have
〈θ,1〉 = q−6
{∑
k
nkθ(xk)+
∑
i,j
nij θ(xij )
}
(6)
where xk and xij are representatives of classes Ak and Aij , respectively. Let 〈b,1〉 = B and
〈e,1〉 = E. Since B + E = 2 so by considering possible values for B and E we have 3 systems
of equations 〈a′,1〉 = 〈d,1〉 = 〈b′,1〉 = 0, 〈b,1〉 = B , 〈e,1〉 = E, 〈a,1〉 = 2, 〈(1G)H ,1〉 = 1
where 1G is the principal character of G, and 〈c,1〉 = 2 or 0 for ε = 1 or −1, respectively. If
E = 2 and B = 0 then n4 < 0 which is a contradiction. Thus we have either B = E = 1 or B = 2
and E = 0. According to the given structure of the conjugacy classes of G in [8], the classes A51
and A52 contain the same number of elements of H . Now by considering this fact and looking
at the solutions of the above systems of equations we get B = 2, E = 0 and the part (1) of the
lemma holds.
Now since E = 0 and 2  e(1) so there exists 1 = ψ ∈ Lin(H) such that 〈e,ψ〉 = 1. 
Let M = Irr(G) \ {θ ′1, θ ′2, θ2, θ8, θ9(k),χi(k),χ5(k, l)} for i ∈ {1,2,3,4}. We prove the fol-
lowing theorem.
Theorem 14. Suppose G is the finite Chevalley group G2(q) where q > 2 is a power of 2, and H
is a Sylow 2-subgroup of G. Let χ ∈ M . Then χH has a linear constituent with multiplicity one.
Proof. Lemma 13 shows that the theorem holds for χ = χ7(k). Also (θ5)H is the regu-
lar character of H , so the theorem holds for θ5. By Lemma 11 we have 〈a′, ϕ〉 = 〈d,ϕ〉 =
〈b′, ϕ〉 = 0 and 〈e + b,ϕ〉 = 1 for all 1 = ϕ ∈ Lin(H). Therefore Lemma 12 parts (1), (2)
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Remark. If ε = −1 then (θ8)H = d+b′+a′ and has no linear constituents. Using Lemma 12 part
(3), there exists 1 = φ ∈ Lin(H) such that 〈a,φ〉 = 1. Since 〈e + b,φ〉 = 1, either 〈e,φ〉 = 1 and
〈b,φ〉 = 0 or 〈e,φ〉 = 0 and 〈b,φ〉 = 1. If 〈e,φ〉 = 1 and 〈b,φ〉 = 0, then the theorem above holds
for χ2(k), χ4(k) and χ5(k, l). If 〈e,φ〉 = 0 and 〈b,φ〉 = 1 then the theorem holds for θ2, θ8 (for
ε = 1), χ1(k) and χ3(k). For q = 4 a simple computation shows that for each 1 = φ ∈ Lin(H),
〈a,φ〉 = 0 if and only if 〈b,φ〉 = 0. Hence in this case the theorem above is valid for θ2, χ2(k),
χ4(k) and χ5(k, l). Furthermore (θ8)H , (χ1(k))H and (χ3(k))H have no linear constituents with
multiplicity one.
5. Suzuki groups
A Suzuki group G = Sz(q) is a simple group of order q2(q − 1)(q2 + 1) where q = 22n+1
for an integer n  1. Let H be a Sylow 2-subgroup of G. We show H is a χ -subgroup for all
irreducible characters χ of G except for two characters of degree r(q − 1)/2, where r2 = 2q .
The conjugacy classes and irreducible characters of G have been computed in [19]. The re-
striction of the nontrivial irreducible characters of G on H gives us only 6 different characters
of H . We use notations defined in [19].
Let a1 = (W1)H , a2 = (W2)H , b = (Yj )H and 1 be the principal character of H . Then the
restriction of the rest irreducible characters of G on H are integral linear combinations of a1, a2,
b and 1.
Theorem 15. Let G be a Suzuki group Sz(q) and χ be an irreducible character of G. Let H be
a Sylow 2-subgroup of G. Then χH has a linear constituent with multiplicity one if and only if
χ = Wl for l = 1,2.
Proof. Since X is the Steinberg character of G, the character XH is the regular character
of H and so 〈XH,ϕ〉 = 1 for each linear character ϕ of H . Since XH = a1 + a2 + b + 1 thus
〈a1,1〉 = 〈a2,1〉 = 〈b,1〉 = 0. Also if a1, a2 and b have a nonprincipal linear constituent ϕ, then
its multiplicity is 1. Furthermore if ϕ is a nonprincipal linear constituent of one of the a1, a2,
and b, then it is not a constituent of the others.
Since 2  b(1), 〈b,1〉 = 0 and b appears in the regular character XH of H with multiplicity
one, there exists a nonprincipal linear character ψ of H such that 〈b,ψ〉 = 1. Now suppose
χ = Wl is a nontrivial irreducible character of G. Looking at χH as a linear combination of the
characters a1, a2, b and 1, we have b appears as a component of χH with multiplicity one. This
implies 〈χH ,ψ〉 = 1 for each irreducible character χ = Wl of G.
Now we show (Wl)H has no linear constituents for l = 1,2. Let θ be the sum of all linear
characters of H . Then θ is the regular character of H/H ′ where H ′ is the derived subgroup
Table 5
Linear combinations of restricted characters
of Sz(q) on H
Characters
XH = a1 + a2 + b + 1
(Xi)H = a1 + a2 + b + 2 · 1
(Zk)H = 2a1 + 2a2 + b
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contains 1 and all elements conjugate to σ in G (see [19]), we conclude
〈
(Wl)H , θ
〉=
{
(Wl)H (1)θ(1) +
∑
0=h∈H ′
(Wl)H (h)θ(h)
}
/|H |.
Now using the values of (Wl)H we have 〈(Wl)H , θ〉 = 0. This proves (Wl)H has no linear con-
stituents, for l = 1,2. 
6. Ree groups
Let G = Re(q) be a Ree group over a finite field of characteristic 3. It is a simple group
of order q3(q − 1)(q3 + 1) where q = 32k+1 for an integer k  1. The conjugacy classes and
irreducible characters of G have been computed in [20]. We use notations defined in [20].
It is sufficient to consider one of the characters of the pair {ηr , η′r}, because they have same val-
ues on 3-elements. A similar statement holds for the pair {ηt , η′t }. The restriction of the nontrivial
irreducible characters of G on H gives us only 13 different characters of H . Denote a = (ξ2)H ,
b1 = (ξ6)H , b2 = (ξ8)H , c1 = (ξ9)H , c2 = (ξ10)H and d = (η+i )H . Then the restriction of each
irreducible character of G on H is an integral linear combination of a, b1, b2, c1, c2, d and the
principal character 1.
Theorem 16. Let G = Re(q) be a Ree group of characteristic 3 and χ be an irreducible charac-
ter of G. Let H be a Sylow 3-subgroup of G. Then χH has a linear constituent with multiplicity
one if and only if χ = ξj for j = 5, . . . ,10.
Proof. Let ρ = (ξ3)H . Then ρ is the regular character of H and 〈ρ,ϕ〉 = 1 for each linear
character ϕ of H . This shows that the theorem holds for χ = ξ3. Since ρ = d + c1 + c2 + b1 +
b2 + 1 thus 〈d,1〉 = 〈ci,1〉 = 〈bi,1〉 = 0. Also if b1, b2, c1, c2 and d have a nonprincipal linear
constituent ϕ, then its multiplicity is 1. Furthermore if ϕ is a nonprincipal linear constituent of
one of the b1, b2, c1, c2 and d , then it is not a constituent of the others.
Since 〈d,1〉 = 〈ci,1〉 = 〈bi,1〉 = 0, considering characters (ηt )H = d + c1 + c2 + b1 + b2 −
2a + 2 · 1 and (η−i )H = d + 2c1 + 2c2 + 2b1 + 2b2 + 2a − 2 · 1 we conclude 〈a,1〉 = 1. This
shows that the theorem holds for χ = ξ2.
Since 3  d(1), 〈d,1〉 = 0 and d appears in the regular character (ξ3)H of H with multiplicity
one, thus there exists a nonprincipal linear character ψ of H such that 〈d,ψ〉 = 1. This shows
that the theorem holds for χ ∈ {ξ4, ηr}.
Table 6
Linear combinations of restricted characters of Re(q) on H
Characters
(ξ3)H = d + c1 + c2 + b1 + b2 + 1
(ξ4)H = d + c1 + c2 + b1 + b2 − a + 2 · 1
(ξ5)H = a + b1 − 1
(ξ7)H = a + b2 − 1
(ηr )H = d + c1 + c2 + b1 + b2 + 2 · 1
(ηt )H = d + c1 + c2 + b1 + b2 − 2a + 2 · 1
(η−
i
)H = d + 2c1 + 2c2 + 2b1 + 2b2 + 2a − 2 · 1
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〈d + c1 + c2 + b1 + b2, ϕ〉 = 1 we conclude 〈a,ϕ〉 = 0. This shows that the theorem holds for
χ ∈ {ηt , η−i }.
Now we show (ξj )H has no linear constituents for j = 5, . . . ,10. Let θ be the sum of all linear
characters of H . Then θ is the regular character of H/H ′ where H ′ is the derived subgroup of H .
Thus θ(h) = |H : H ′| for h ∈ H ′ and 0 otherwise. Using [20] we have |H ′| = q2, |H : H ′| = q
and H ′ contains 1 and all elements conjugate to X, T and T −1 in G. Since order of the conjugacy
classes of G containing X, T and T −1 are q − 1, q(q − 1)/2 and q(q − 1)/2, respectively, we
conclude
〈
(ξj )H , θ
〉=
{
(ξj )H (1)θ(1) +
∑
0=h∈H ′
(ξj )H (h)θ(h)
}
/|H |.
Now using the values of (ξj )H we have 〈(ξj )H , θ〉 = 0. This proves (ξj )H has no linear con-
stituents, for j = 5, . . . ,10. 
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Appendix A
Values of the irreducible characters of symplectic groups Sp(4,2f ) are given in this appendix.
We use the convention that the value is zero if there is no entry in these tables.
Table 7
Values of the irreducible characters of Sp(4, q), for q even, on elements of H
Characters A1 A2 A31 A32 A41 A42
θ1 q(q2 + 1)/2 −q(q − 1)/2 q(q + 1)/2 q/2 −q/2 q/2
θ2 q(q + 1)2/2 q(q + 1)/2 q(q + 1)/2 q/2 q/2 −q/2
θ3 q(q2 + 1)/2 q(q + 1)/2 −q(q − 1)/2 q/2 −q/2 q/2
θ4 q4
θ5 q(q − 1)2/2 −q(q − 1)/2 −q(q − 1)/2 q/2 q/2 −q/2
χ1(k, l) (q + 1)2(q2 + 1) (q + 1)2 (q + 1)2 2q + 1 1 1
χ2(k) q4 − 1 q2 − 1 −(q2 + 1) −1 −1 −1
χ3(k, l) q4 − 1 −(q2 + 1) q2 − 1 −1 −1 −1
χ4(k, l) (q − 1)2(q2 + 1) (q − 1)2 (q − 1)2 −(2q − 1) 1 1
χ5(k) (q2 − 1)2 −(q2 − 1) −(q2 − 1) 1 1 1
χ6(k) (q + 1)(q2 + 1) q + 1 q2 + q + 1 q + 1 1 1
χ7(k) (q + 1)(q2 + 1) q2 + q + 1 q + 1 q + 1 1 1
χ8(k) (q − 1)(q2 + 1) q − 1 −(q2 − q + 1) q − 1 −1 −1
χ9(k) (q − 1)(q2 + 1) −(q2 − q + 1) q − 1 q − 1 −1 −1
χ10(k) q(q + 1)(q2 + 1) q(q + 1) q q
χ11(k) q(q + 1)(q2 + 1) q q(q + 1) q
χ12(k) q(q − 1)(q2 + 1) q(q − 1) −q −q
χ13(k) q(q − 1)(q2 + 1) −q q(q − 1) −q
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